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The spin chemistry of electron and nuclear spins behavior as
well as of the manifestation of magneto-spin interactions in
chemical reactions is well developed both experimentally and
theoretically [1–9]. Commonly, the recombination of radical pairs
occurs at immediate contact of radicals, when the overlap of radi-
cal pair orbitals is considerable, and singlet–triplet transitions take
place in the intervals between re-contacts with exchange interac-
tion being of no importance. The evolution of the spin density
matrix of a radical pair (RP) obeys the phenomenological equation
(the main equation of spin chemistry)
@qðtÞ
@t
¼ L^ðqÞq i
h
½H^;q  KS
2
ðQSqþ qQSÞ ð1Þ
where the operator L^ðqÞ describes a relative motion of radicals, H is
the RP spin-Hamiltonian, and KS is the recombination rate constant
of a singlet. The density matrix is determined from the singlet and
triplet spin functions fjSi; jT0i; jTi; jTþig. QS ¼ Sj i Sh j is the operator
of projection onto the singlet state. The last term in Eq. (1) charac-
terizes a change in density matrix due to reaction.
Eq. (1) is often written in terms of Liouville representation
@qðtÞ
@t
¼ L^ðqÞqþ i^^Lq ^^Kq; ð2Þ
where ^^K is the diagonal matrix with ^^K
 
SS;SS
¼ KS; ^^K
 
ST;ST
¼
^^K
 
TS;TS
¼ KS=2; ^^K
 
TT;TT
¼ 0.
However, in some reactions, e.g., upon electron transfer, the
reaction and the spin evolution proceed simultaneously [10]. Theseprocesses may be described by a simpler model developed about
40 years ago [3,11]. According to this model, the evolution of the
spin density matrix of RP obeys the equation which is simpler than
(1)
@qðtÞ
@t
¼  i
h
H^;q
h i
 KS
2
ðQSqþ qQSÞ ð3Þ
Eq. (3) may be taken as ‘abridged equation’ (1) which describes the
process at direct contact of reagents. The recombination rate of
radical pairs is known [3,11] to affect the efﬁciency of singlet–
triplet transitions due to the smearing of energy levels which
results in transition resonance disturbance. It is shown [12] that
Eq. (3) corresponds to the exactly solvable model. Thus, Eq. (3)
holds for the simplest model. In the general case, however, it
remains to be phenomenological. In experiments on electron trans-
fer, kinetics is often observed to be complex [13–15]. Electron trans-
fer may be reversible and not described by Eq. (3). Thus, it is
necessary to extend the theoretical methods of spin chemistry to
reversible processes.
In the present Letter, we are going both to consider a more com-
plex exactly solvable model and to demonstrate that Eq. (3)
becomes generally wrong. The operator, describing this reaction,
turns to be more intricate.
2. The exactly solvable model
Examine now the system involving the singlet and triplet states
between which some transitions are possible. The singlet state is
related via transitions to a singlet recombination reservoir, while
the triplet one – to the triplet one. This consideration agrees with
the ideology of the paper [16] (Figure 5 [16]).
Let H^ be the total spin-Hamiltonian of the system. The system
evolves in accordance with the Schrodinger equation ðh ¼ 1Þ
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@wðtÞ
@t
¼ H^wðtÞ ð4Þ
We seek for the probability that the system is in one or another
state. For example, the probability that at the moment t the system
will be in the singlet state is expressed in terms of the coefﬁcient
SjwðtÞh i, while the probability of the system being in the triplet
state is presented via the coefﬁcient TjwðtÞh i. Using the Laplace
transform, we get
iwð0Þ þ ikuðkÞ ¼ H^uðkÞ ð5Þ
where
uðkÞ ¼
Z 1
0
wðtÞ expðktÞdt ð6Þ
is the Laplace transformation for the wave function wðtÞ; and wð0Þ is
the wave function of the system at an initial moment. From (5) we
derive
/ðkÞ ¼ i ik H^
 1
wð0Þ ð7Þ
Assume for deﬁniteness that initially, the system is in the sin-
glet state, wð0Þ ¼ Sj i. Hence the desired quantities will be
expressed in terms of the inverse Laplace transformations of the
coefﬁcients SjuðkÞh iand TjuðkÞh i
SjuðkÞh i ¼ i Sh jðik H^Þ1 Sj i
TjuðkÞh i ¼ i Th jðik H^Þ1 Sj i
ð8Þ
The operator G^ðzÞ ¼ ðz H^Þ1 is called the Green function or the
quantum system resolvent. If the Hamiltonian is represented as
H^ ¼ H^0 þ V^ , then the Green functions G^ðzÞ and G^0ðzÞ will be related
by the Dyson equation [17,18]
G^ðzÞ ¼ G^0ðzÞ þ G^0ðzÞV^G^ðzÞ ð9Þ
Well known is the spectral representation of the Green function
[17,18].
G^ðzÞ ¼
X
n
nj i nh j
z En ð10Þ
where nj i are the eigenfunctions of the Hamiltonian H^, and En are
the eigenvalues. The functions nj i form a complete setX
n
nj i nh j ¼ 1 ð11Þ
Further, the energy levels of the scheme (Figure 1) are consid-
ered as the eigenfunctions of the Hamiltonian H^0
H^0 Sj i ¼ Es Sj i;
H^0 Tj i ¼ ET Tj i;
H^0 ij i ¼ Ei ij i:
ð12ÞFigure 1. Schematic of radical pair with singlet recombination reservoirs.The perturbation V^ gives rise to the transitions between the sin-
glet and triplet states, as well as to those from the singlet to the ij i
states of the singlet reservoir according to Figure 1.
Let us write the Green function for the Hamiltonian H^0 as
G^0ðzÞ ¼ Sj i Sh jz ES þ
Tj i Th j
z ET þ
X
i
ij i ih j
z Ei ð13Þ
In view of formula (15), we convert the desired quantities GSSðzÞ
and GSTðzÞ into the form
GSSðzÞ ¼ Sh jG^ðzÞ Sj i ¼ 1zES Sh jð1 G^0V^Þ
1
Sj i
GSTðzÞ ¼ Sh jG^ðzÞ Tj i ¼ 1zET Sh jð1 G^0V^Þ
1
Tj i
ð14Þ
In [12] we obtain
GSSðzÞ ¼ ðzET Þ
ðzES
X
i
Sh jV^ ij i ih jV^ Sj i
zEi
ÞðzET Þ Sh jV^ Tj i Th jV^ Sj i
GSTðzÞ ¼ Sh jV^ Tj i
zES
X
i
Sh jV^ ij i ih jV^ Sj i
zEi
 !
ðzET Þ Sh jV^ Tj i Th jV^ Sj i
ð15Þ
In the case of the dense spectrum of the singlet reservoir, one
may pass from summation to integration
X
i
Sh jV^ ij i ih jV^ Sj i
z Ei !
Z
qSðEÞ
jVSðEÞj2
z E dE
¼ P
Z
qSðEÞ
jVSðEÞj2
z E dE ipqSðzÞjVSðzÞj
2 ð16Þ
where the symbol P indicates that the integral is taken in the sense
of the principal value, and qSðEÞ is the energy level densities of the
singlet reservoir. Eq. (16) is used providing qSjVSj >> 1:
In [12], we have considered only the simplest case where the
matrix elements and the energy level densities are independent
of E. We get
Sh jG^ðzÞ Sj i ¼ ðzET ÞðzESþiKS=2ÞðzET ÞjVST Þj2
Sh jG^ðzÞ Tj i ¼ VSTðzþiKS=2ÞðzþiKT =2ÞjVST Þj2
ð17Þ
The quantity KS  2pqSjVSj2 means the constant of system tran-
sition into the singlet reservoir.
The inverse Laplace transform is used to obtain the probability
that the system is in the triplet state at a time assuming that the
pair is formed in the singlet state
qTTðtÞ ¼
jVST j2
jWj2
exp KSt
2
 
exp
Wt
2
 
 exp Wt
2
  2
ð18Þ
where
W ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
K2S  16jVST j2
q
2
ð19Þ
Let us consider the case where the level density in the singlet
reservoir depends on energy according to the law
qSðEÞ ¼
q0b
2
ðE E0Þ2 þ b2
ð20Þ
Hence, the integral in (16) is calculated exactlyZ
qSðEÞ
jVSðEÞj2
z E dE ¼
bKS
z E0 þ ib ð21Þ
Substituting (21) into the ﬁrst equation of (17) and assuming
that z ¼ ik; we ﬁnd
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2 þ ðbþ iE0Þk
k3 þ ðbþ iE0Þk2 þ ðbKS2 þ jVSTÞj2Þkþ jVSTÞj2ðbþ iE0Þ
;
ð22Þ
where KS  2pq0jVSj2.
Consider ﬁrst the case where no singlet–triplet transitions are
observed. Assuming that in Eq. (22) VST ¼ 0; we get
GSSðkÞ ¼ ik E0 þ ibikðik E0 þ ibÞ x2 ð23Þ
In (23) the notation x2 ¼ bKS=2 is used, quantity x has the
meaning of effective frequency transitions between the singlet
state and the singlet reservoir.
Further, GSSðkÞ may be partitioned into partial fractions
GSSðkÞ ¼ Ak k1 þ
B
k k2 ; ð24Þ
where the following notation is applied
A ¼ ðib E0 þ ik1Þ
k2  k1 ; B ¼
ðib E0 þ ik2Þ
k2  k1 ;
k1;2 ¼ ðbþ iE0Þ2 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðbþ iE0Þ2  4x2
q
2
ð25Þ
The Laplace transformation may be used to ﬁnd the probability
that the system is in the singlet state at a time
GSSðtÞ ¼ C1 expðk1tÞ þ C2 expðk2tÞ; qSSðtÞ ¼ jGSSðtÞj2 ð26Þ
where the expansion coefﬁcients are of the form
C1 ¼ E0  iðbþ k1Þk2  k1 ; C2 ¼
E0 þ iðbþ k2Þ
k2  k1 ð27Þ
It is readily seen that the system, consisting of the singlet state
and the singlet reservoir, is equivalent to a two-level system of two
singlet states. We designate these states as Sj i and S0  (the former
coincides with the initial singlet state). The effective Hamiltonian
of the basis of these states is of the form
H^ ¼ 0 ixix E0  ib
 
: ð28Þ
Using the general rules of transition to the Liouville representa-
tion we determine the evolution of density matrix upon interactionFigure 2. Population of singlet state versus time. The blue curve correspond
b ¼ 1012 ; KS ¼ 1010; E0 ¼ 0; VST ¼ 1010 and the red curve - b ¼ 1012; KS ¼ 1010; E0 ¼ 10
the reader is referred to the web version of this article.)between the singlet state and the singlet reservoir @q=@t ¼  ^^K0q:
In the basis SSj i; SS0 ; S0S ; S0S0  the ^^K0 operator is of the form
^^K0 ¼
0 x x 0
x iE0 þ b 0 x
x 0 iE0 þ b x
0 x x 2b
0
BBB@
1
CCCA: ð29Þ
Calculating populations of the singlet state with the help of ^^K0
gives the same result as formula (26). By deﬁnition, ^^K0 describes
the processes of recombination (or electron transfer) in the
absence of singlet–triplet transitions. Consider the limiting transi-
tion b!1 . Hence, for the population of the singlet state, Eq. (26)
gives
qSSðtÞ ¼ expðKStÞ ð30Þ
For the other limiting case b! 0; but with KSb ¼ const, we get
oscillations in the two-level system
qSSðtÞ ¼ 1
4x2
E20 þ 4x2
sin2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
E20 þ 4x2
q
t: ð31Þ
For other relations between system parameters, we obtain the
other recombination kinetics, i.e., either biexponential kinetics or
damped oscillations.
Let us return to the general case where the system contains the
singlet–triplet transitions. The behavior of the system fully obeys
Eq. (22). For instance, for the probability of the system to be in
the singlet state we should perform the inverse Laplace transfor-
mation (determine GSSðtÞ). As a result, according to the general
rules, qSSðtÞ ¼ jGSSðtÞj2.
GSSðkÞ may be partitioned into partial fractions
GSSðkÞ ¼ ik
2
1iðbþiE0Þk1
ðk1k2Þðk1k3Þðkk1Þ þ
ik22þiðbþiE0Þk2
ðk1k2Þðk2k3Þðkk2Þ þ
ik23þiðbþiE0Þk3
ðk1k3Þðk3k2Þðkk3Þ ;
ð32Þ
where k1; k2; k3 are the roots of the cubic equation
The Laplace transformation may be used to ﬁnd the probability
that the system is in the singlet state at a time
GSSðtÞ ¼ C1 expðk1tÞ þ C2 expðk2tÞ þ C3 expðk3tÞ; qSSðtÞ ¼ jGSSðtÞj2
ð33Þ
where C1; C2 and C3 are the cumbersome functions of k1; k2; k3.s the population at b ¼ 1012; KS ¼ 1010; E0 ¼ 0; VST ¼ 0, the green curve -
12; VST ¼ 1010. (For interpretation of the references to colour in this ﬁgure legend,
Figure 3. Population of singlet state versus time. The blue curve corresponds the population at b ¼ 5 109; KS ¼ 1010; E0 ¼ 0; VST ¼ 109, the green curve -
b ¼ 5 109; KS ¼ 1010; E0 ¼ 1010; VST ¼ 109 and the red curve - b ¼ 5 109; KS ¼ 1010; E0 ¼ 2 1010; VST ¼ 109. (For interpretation of the references to colour in this
ﬁgure legend, the reader is referred to the web version of this article.)
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of the three-level system containing the triplet Tj i and two singlet
states Sj i and S0 : The results obtained are identical to the exact
solution to the quantum problem. In terms of the Liouville repre-
sentation, the reaction operator is a block-diagonal matrix. In this
case, there are 9 basis states. One block is the ^^K0 operator described
by matrix (29). The second block is written in the basis TSj i; TS0 .
One more block is given in the STj i; S0T  basis. These matrices
are, respectively, of the forms
^^K1 ¼
0 x
x iE0 þ b
 
;
^^K2 ¼
0 x
x iE0 þ b
 
: ð34Þ
The last element on the diagonal KTT;TT of the
^^K operator is zero.
Figures 2 and 3 show the functions of the time of system staying
in the singlet state. In Figure 2 the matrix elements of transition to
the reservoir exhibit a fairly wide Lorentzian spectrum
(b >> KS;VST). Therefore, oscillations are related only to the sin-
glet–triplet evolution. The probability of transition to the singlet
reservoir decreases with spectrum center shifting from resonance.
As a result, the amplitude of S T oscillations increases. A decrease
in spectrum width for the matrix elements of transition (Figure 3)
causes oscillations determined by S S0 transitions which leads to
the overlap of the oscillations in the S T and S S0 transitions.
The amplitude of the oscillations increases noticeably with increas-
ing shift of the spectrum center from resonance.
3. Conclusion
In the spin chemistry, Eq. (1) is widely used to describe various
effects. Although this equation is phenomenological, it well
describes the effects observed. In (12) the exactly solvable modelis used to verify Eq. (1). However, in the spin chemistry, the cases
are possible where the processes are reversible (e.g., electron
transfer). Thus, Eq. (1) needs to be generalized. In the present Let-
ter, we have derived the exactly solvable model which contains
both the reversible and irreversible processes. Expression for the
reaction operator of this model is more complex due to the
expanded basis of spin states. The reaction operator of Eq. (1) is
a particular case. These operators coincide only in the limiting case
of the fully irreversible recombination process.
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